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Abstract 



We study the distribution of periodic points for a certain class of holomorphic func- 
tions. An interior periodic point of period p is a periodic point which is not the landing 
point of any periodic ray of period less or equal than p, like for example an attracting 
cycle or a Cremer cycle. In polynomial dynamics, it is known by a theorem of Goldberg 
and Milnor that periodic rays, together with their landing points, separate the plane into 
regions each containing exactly one interior periodic point or a parabolic immeditc basin. 
We show an analogue of this theorem for a wide class of transcendental entire functions 
(those with a bounded set of singular values and finite order, or composition thereof), 
under the assumption that periodic rays land. This result has many corollaries. Among 
them, it follows that there cannot be Cremer points on the boundary of Siegel disks; that 
in the absence of wandering domains "hidden components" of a Siegel disk have to be 
preperiodic to the Siegel disk itself; or that there cannot be infinitely many attracting 
cycles of period less than any finite constant. 

1 Introduction 

Given a holomorphic map / : C — t- C, we are interested in the dynamical system generated 
by the iterates of /. In this setup, there is a dynamically meaningful partition of the phase 
space, into two completely invariant subsets: the Fatou set, where the dynamics are stable, 
and the Julia set where they are chaotic. More precisely, the Fatou set is defined as the open 
set 



and the Julia set J{f) as is its complement. Another dynamically interesting set is the set 
of escaping points or escaping set 
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•^if) '■— ^ 'Cj {/"} is normal in a neighborhood of z } 



/(/) := {z G C; P{z) oo, as n oo}. 



The relation between them is that, in general, J{f) = dl{f), although for some classes of 
functions /(/) C J(/) ([EL|) and hence J(/) = 7(7). 

In this paper we are mainly concerned with entire transcendental maps (abbreviated 
transcendental maps), i.e., those entire maps for which infinity is an essential singularity. 
There are several essential differences between the dynamics of transcendental maps and that 
of polynomials, coming from the very different behavior of iterates in a neighborhood of 
infinity. For example, while the Julia set of polynomials is always a compact set disjoint from 
/(/), its analogous for transcendental maps is always unbounded, an contains infinitely many 
continua in /(/). In fact, the escaping set is part of the Fatou set in the case of polynomials, 
while it is part of the Julia set for transcendental maps. 

Another relevant difference concerns the singularities of the inverse function, which always 
play a crucial role in holomorphic dynamics. For polynomials (or rational maps) all branches 
of are well defined in a neighborhood of any point, with the exception of critical values, 
that is, V = f{c) where c is a zero of /' or critical point. If / is entire, one more type of 
singularity is allowed, namely the asymptotic values, or points a G C for which there is a 
curve 7(t) such that |7(i)| — )■ oo as t — oo, and /(7(t)) — )■ a as t — )• oo. In some loose sense, 
asymptotic values have some of their preimages at infinity. 

A holomorphic function is a covering outside the set S{f) of singular values of /, where 

S{f) := {z £ C; z is an asymptotic or critical value for /}. 

Observe that rational maps, and in particular polynomials, have a finite number of singular 
values while transcendental maps may have infinitely many such singularities. This is in 
fact part of the reason why for polynomials, every component of the Fatou set (also called 
Fatou component) is preperiodic to a periodic attracting or parabolic basin or to a periodic 
rotation domain (Siegel disk). Instead, transcendental maps allow for additional types of 
Fatou components like wandering components (i.e., not preperiodic) or Baker domains (i.e., 
components for which all points tend to infinity under iteration). However, there exist certain 
natural classes of transcendental maps for which the dynamics is in some sense similar to that 
of polynomials. One such class is the Eremenko-Lyubich class 

S = {/ : C — > C entire transcendental; S{f) is bounded}. 

For functions in class B, the escaping set is a subset of the Julia set (see [ELj . Theorem 1) 
and therefore there are neither Baker domains nor wandering domains in which the iterates 
tend to infinity. It is not known actually whether they may have other types of wandering 
domains. If S{f) is finite, then / is said to be of finite type and has no wandering domains 
of any kind ([^, [GK]). 

Recall that a function is of finite order if log log |/(^;)| is of the order of log \ z\ as \z\ — )• oo. 
For example, f{z) = e^^ has order p. In this paper we will restrict ourselves to the class 

13 = {f = gi o . . . o gk] k > 1, gi £ B and gi has finite order}. 

Observe that class B is closed under composition, as is B, but not the class of functions of 
finite order. 
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The reason why we restrict ourselves to class B, is because it is the most general class 
for which (dynamic) rays or hairs have been proven to exist. Informally, a ray is a maximal 
unbounded injective curve g : (0, oo) — )• /(/) such that all its iterates are also unbounded 
curves with the same properties (see Section [2] for a precise definition) . We say that a ray 
lands at zo G C if g{t) — )• as t — ?■ 0. By construction, rays are always pairwise disjoint. 

For polynomials, rays foliate the attracting basin of infinity and belong to the Fatou set 
(see for example |DHj , |Mij ) . They are in one to one correspondence with straight rays in the 
complement of D via Bottcher coordinates, and therefore its dynamics is governed by 1— )• d9, 
where 6 is the angle that identifies the ray and d is the degree of the polynomial (recall that 
a polynomial behaves like z 1— t- z'^ in a neighborhood of infinity). 

For transcendental maps, when rays exist, they belong to the Julia set. The existence of 
rays, and their organization with respect to some symbolic dynamics was settled initially in 
[DTj for functions of finite type (with some extra technical condition). Recently in |R3S| . 
these results have been extended to the class 13 (in fact, to a more general but less natural 
class than B). We refer to Section [2] for background and precise statements. Of special 
importance for us will be the p— periodic rays, i.e., rays that come back to themselves after p 
iterates. As for periodic points, p is called the period of the ray, which we will in general not 
assume to be minimal. When the period is 1, the ray is called invariant or fixed. 

Our goal in the present work is to prove some results concerning the relation between 
periodic rays, their landing points and the distribution of some special periodic points in the 
complex plane. More precisely, a p— periodic point is called an interior p— periodic point if 
there are no p— periodic rays landing at it. 

Periodic points which are neither repelling nor parabolic (hence (super)attracting, Siegel 
or Cremer) are necessarily interior periodic points. However, repelling or parabolic p— periodic 
points can be interior periodic points as well, for example if they are landing points of rays 
of higher period or if they are not landing points of any ray. 

To state our results we need to partially recall how the dynamics around a parabolic 
point is. If zq is a parabolic p— periodic point, an attracting petal at zq is defined an any 
open simply connected set U containing zq on its boundary, such that f^{U) C U U {zq}. A 
repelling petal is an attracting petal for the branch of /"^ which fixes zq. It is well known 



(see the Fatou Flower Theorem 6.2) that the number of attracting petals at zq equals its 
multiplicity as a fixed point of /, minus one. The number of repelling petals is the same and 
in fact, they distribute themselves alternatingly around zq forming a neighborhood of the 
parabolic point. 

We will first restrict the attention to fixed points and fixed rays. We assume that all 
fixed rays land in C, and in fact this will be a standing assumption for the whole paper. If 
two periodic rays land together at a common point, the curve they form together with their 
common landing point is called a ray pair. In contrast, we say that a ray lands alone if its 
landing point is not the landing point of any other ray. 

Let r be the graph formed by fixed rays together with their endpoints. A connected 
component of C \ F is called a basic region for /. 

The next theorem is proven by Goldberg and Milnor in [GMl Thm. 3.3]. 

Theorem 1.1 (GM Theorem). Let f be a polynomial with connected Julia set. Then each 
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basic region contains exactly one interior fixed point, or an invariant attracting parabolic 
petal. 

In the proof of this theorem, the finiteness of the degree of / is used in an essential way. 
In a suitable restriction of each basic region, a weakly polynomial-like map is constructed 
and the Lefschetz fixed point theory is used to count the number of critical points and fixed 
points. 

The strategy as it is cannot be adapted to the transcendental setting, where the degree is 
hardly well defined on any restriction, and where the role of critical values can be carried out 
also by asymptotic values. However, we use Goldberg and Milnor's idea of doing a counting 
in the basic regions, and we manage to do it successfully by counting directly fixed points 
instead of going through critical points. In this way we prove a transcendental analog of the 
GM Theorem. 

Theorem A (Separation theorem). Let f £ B such that all fixed rays land. Then there are 
finitely many basic regions, and each basic region contains exactly one interior fixed point, 
or an invariant attracting parabolic petal. 

We remark that in the polynomial case, the hypothesis on connectivity of the Julia set 
was enough to ensure that all fixed rays landed. For transcendental functions, there is no 
necessary and sufficient condition to show that fixed rays land. There are however many 
cases in which this can be shown, for example if the postsingular set 

nf) ■■ U {fHs)} 

se5(/),neN 

does not intersect the set of fixed rays (see , |Rel] ) . 

Let us observe some facts which are obvious for polynomials but not at all obvious for 
transcendental maps. A polynomial of degree d always has d — 1 fixed rays (fixed points of 
6 I— )• d6) and d fixed points. This means that there is always at least one interior fixed point, 
even if all rays lands alone (this would be the case with only one basic region). If certain rays 
land together, then more fixed points become interior fixed points as they cannot be landing 
points of any fixed ray. This basic counting, and the fact that there are only finitely many 
basic regions, is possible only because of the finiteness of the degree. In the transcendental 
case there are infinitely many fixed points and infinitely many rays, so a priori one might 
have infinitely many ray pairs, basic regions and interior fixed points. Theorem A already 
states that / has a finite number of those, but moreover, a similar global counting as in the 
polynomial case can be done. 

Theorem B (Global counting). Let f £ B such that all fixed rays land. Let G = {gi, . . . ,gN} 
be a collection of fixed rays satisfying that any ray g ^ G lands alone. Then, there are exactly 
+ 1 fixed points which are either landing points of some g £ G or interior fixed points. 

Like in the polynomial case, the statement about periodic points follows from the fixed 
case and from the fact that the class B is invariant under composition. Since this is the most 
general result and the one that is used in the applications, we state it as a theorem although 
it follows immediately from Theorem A. 
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Theorem C (Separation theorem for periodic rays). Let f £ B such that p-periodic rays of 
period land. Then there are finitely many basic regions for f 'f, and any two interior p-periodic 
points can be separated by a periodic ray pair of the same period p. 

The true power of the GM Theorem, and therefore of our separation theorems, resides in 
their remarkable number of corollaries. Some of them were not yet known for transcendental 
functions of any class. We summarize them in the following statement. 

Corollary D. If / is a function in 13 whose periodic rays land, 

1. There are only finitely many interior periodic points of any given period. 

2. Any two periodic Fatou components can be separated by a periodic ray pair. 

3. There are no Cremer points on the boundary of periodic Fatou components. 

4. If zq is a parabolic point, any two of its attracting petals are separated by a ray pair of 
the same period. In particular, for each repelling petal there is at least one ray which 
lands at zq. 

5. For any given period p, there are only finitely many (possibly none) periodic points 
of period p which are landing points of more than one periodic ray. None of them is 
landing point of infinitely many rays of the same period. 

Note that it follows from statement 1 that / cannot have infinitely many attracting cycles 
of period less or equal than any given constant, regardless of the presence of infinitely many 
singular values. 

From the fact that Fatou components can be separated by periodic ray pairs we obtain 
the following additional corollary. Given an invariant Siegel disk A, we say that C/ is a hidden 
component of A if {/ is a bounded connected component of C \ A. 

Corollary E (Hidden components of Siegel disks). If f £ B has no wandering domains, any 
hidden component of a bounded invariant Siegel disk is preperiodic to the Siegel disk itself. 

This article is structured as follows. In Section [2] we state and prove a result concerning 



the existence of fixed rays for functions in B and some expansion properties (Lemma 2.2) 



We call it the Structural Lemma and it is a consequence of results in [R3Sj . Hence, we must 
introduce logarithmic coordinates and the setup of |Il3Sj to prove it. We also setup some 
additional symbolic dynamics to be able to transfer their statements to our dynamical plane. 
This setup has interest on its own and we hope that it can be used for other purposes as well. 
With the Structural Lemma in hand, in Section [3] we present some results about the topology 
and general distribution of fixed points in the plane. In Section |4] we introduce the argument 
principle and prove some homotopy lemmas used in the two following sections, devoted to 
the proof of Theorems B and A respectively. Finally, in Section [7] we prove corollaries D and 
E. 
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2 Tools and preliminary results 

In this section, we will first present the main features of the dynamical plane for / G i3 and 



state a Structural Lemma (Lemma 2.2) which is needed for the rest of the paper. We will 
then prove it using results of [R3Sj together with some study of the combinatorics of /. This 
last part of the section is necessary for the proof and interesting in itself, but will not be used 
later during the paper. 



2.1 Structure of the dynamical plane and main technical lemma 

Let f G B, and D be a Jordan domain containing S{f),0 and /(O). For simplicity we assume 
that the boundary of D is real analytic. Then the preimage T oi C\D consists of countably 
many unbounded connected components {Tq, q G A} called tracts of /, and f : Ta ^ C \ D 
is a universal covering of infinite degree. 

Observe that only finitely many tracts intersect any compact set because fibers are dis- 
crete. Therefore, we can choose a curve S C C \ {D L) T) connecting D to infinity. The 
preimages {f^^S} subdivide each tract Tq into fundamental domains Fa^i with i G Z on 
which / : Fa^i — )■ C \ ((5 U D) is univalent (see Figure nl). 




Figure 1: The disk D, the tracts of / and the fundamental domains. 

When it is not relevant which tract the fundamental domains are contained in, or their 
position inside the tract, we call a fundamental domain simply F. Observe that for each F, 
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because /|f is univalent, there is a well defined bijective inverse branch fp^ :C\{5UD)^ F. 

Definition 2.1 (Dynamic ray). A (dynamic) ray for / is an injective curve g : (0,oo) — )> 
/(/) such that: 

• lim\f"{g{t))\ =00 Vn > 0; 

• lim \ f^{g{t))\ = 00 uniformly in [t, 00); 

n— >oo 

• g{0, 00) is maximal with these properties. 

We say that a ray g is asymptotically contained in a tract F if g{t) € F for all t sufficiently 
large. Recall that a dynamic ray is g periodic (or m-periodic) if f"^{g) C g for some m > 1, 
and fixed if m = 1. We say that a dynamic ray lands at a point zq S C if lim(7(t) = zq as 
i ^ 0. 

The following lemma summarizes all of the results from this section that we shall use in 
the rest of the paper. 

Lemma 2.2 (Structural Lemma). Let f & B. Then 

(a) Tracts and fundamental domains have a cyclic order at infinity and can be labeled 
according to that order. 

(b) For each fundamental domain F , there is a unique fixed dynamic ray gp which is asymp- 
totically contained in F. Conversely, any fixed ray is asymptotically contained in some 
fundamental domain. 

(c) Let T be a finite collection of fundamental domains. Then for any R sufficiently large, 
the preimage of the circle Cr of radius R restricted to T is contained in the bounded 
connected component ofC\ C/j. 

Each of the three remaining subsection is dedicated to the proof of each of the statements 
of Lemma 12.21 

2.2 Logarithmic coordinates and lift of / 

For an entire transcendental function in class B we can consider logarithmic coordinates 
following [EL] (see also |R3S] ). The logarithm is a well defined multivalued function onC\D, 
so we can define the set H := exp~^(C \ D), which contains a right half plane. Also exp~^((5) 
is a countable family of curves 6i dividing H into semi-strips Sf, without loss of generality we 
can label one of them Sq and find a branch Lq of the logarithm mapping C\{DU 5) into Sq . 
If we define branches Ln of the logarithm as Ln{w) = Lq{w) + 27rin, we obtain a consecutive 
labeling of the strips Sn as images of L„. Call 6n, Sn+i the preimages of 6 bounding the semi- 
strip Sn- Observe that the tracts do not contain the origin, so the branches of the logarithm 
are defined on the entire tracts (see Figure The set T := exp^^(7') then consists of 
infinitely many connected components T^^i which do not accumulate in any compact set; the 
set Ta^i is defined as Li{Ta) so an unbounded part of T^^i is always contained in Si. 
The following properties hold (see |R3Sj ): 
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Figure 2: Logarithmic coordinates. The hft / is only defined on the tracts. Each of them is mapped 
conformally onto the set H. 



• H is a 2711 periodic domain containing a right half plane; 

• every T^^i is an unbounded Jordan domain with real parts bounded from below, but 
unbounded from above (i.e., unbounded to the right); 

• the Ta^i accumulate only at infinity; 

• T is invariant under translation by 27rz. 



Liftoff 

Because / o exp is a universal covering on each T^i, it is possible to lift / to a continuous 



function f : T ^ H which makes the foUowing diagram commute. 



T 



H 



exp 



exp 



r — '^c\D 



On each of the infinitely many connected components T^.j of T, the hft /|^ is defined 

up to translation by multiples of 27ri; so f : T ^ H is defined up to infinitely many constants. 
Let us fix any choice of / on each of the tracts T^fi, and then choose the remaining constants 
so that / is 27ri periodic. 

The preimages of {5j} under / divide each Ta,i into fundamental domains Fa^ij on which 
/ is univalent. Choose the labeling of fundamental domains so that f{Fa^ij)) = Sj for each 
a, i. Because we chose the lift / to be periodic, the labeling on the fundamental domains 
for / induces a well defined labeling for the fundamental domains for /, in such a way that 
exp{Fa^ij) = Faj for each i (see Figure [3|. 




Figure 3: Labeling of the fundamental domains. 

Vertical order 

Because the sets Ta^i are unbounded to the right, each Ta^i divides any right half plane 
into at least two connected components, one of which contains points with arbitrarily large 
imaginary part (that is said to be above Ta^i) and one which contains points with arbitrarily 
small imaginary part (that is said to be below Ta^i). This introduces a natural order -< on 
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the Ta^i, cahed vertical order at infinity. We can now assume that T^^j -< T^^j if and only if 
/3 < Q (for a fixed i). Observe also that T^^i -< Tpj whenever i < j; in this case, the order 
is just induced by branches of the logarithm. The vertical order on the T^^i induces via the 
exponential map a cyclic order at infinity {still denote by ^) on the tracts Tq,. 

Observe that for any given tract Tq, the fundamental domains F^^i contained in also 
have a well defined cyclic order; this gives a total ordering on the set of fundamental domains. 



This proves part (a) of the Structural Lemma 2.2 



2.3 Dynamic rays and their properties 

Here we present a result in |R3Sj about existence of dynamic rays for /. Then, we prove a 
theorem about existence of dynamic rays for / corresponding to part (6) of the Structural 
Lemma 12. 2i 

We define the escaping set 

/(/) := {z,Re/"(z) — > oo as n — ^ oo}. 

The following definition of ray tail and dynamic ray is taken from Definition 2.2 in |R3Sj . 

Definition 2.3. Let / be the lift of a function / in class B. A ray tail for / is an injective 
curve g : [tojOo) — /(/) such that limt^oo^^ f^idit)) = +oo for any n > and such that 
Re f^(g{t)) — )• +00 uniformly in t as n — )• oo. 

Likewise ray tails can be defined for /. Observe that with this definition a dynamic ray 
for / becomes a maximal injective curve g{t) : (0, oo) — >• /(/) such that g\[t^cx)) is a ray tail 
for every t > large enough. 

Let us define ^ ^ 

J(/) := {z, p{z) is defined for ah n}. 

Observe that J(/) includes also fixed points, not only points escaping to infinity. 
For points z G we can naturally introduce symbolic dynamics using the labeling for 

the tracts (see |DT] . |R3S| . [Ba] ): if /"(z) G 7a„,i„, we will say that z has address 

Q!o\ / ai 
ioJ\k 

We can then define the set 

Js := {z G J{f),z has address 3} 

and introduce the left-sided shift map a 



^0/ V^i/ \n/ \i2 

From the definition of J-g, it follows that f{Js) C J^s] in particular, if an address s is 
periodic of period m, we have that f"^{Js) C Jj. 
The next theorem follows from results in IR3!: 
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Theorem 2.4 (Transcendental rays). Let f be the lift of a function f £ B. Then for any 
address 's, if J^-n /(/) ^ ^ it contains a unique unbounded arc consisting of escaping points, 
called the ray tail of address 's for f . 



Theorem 2.4 is not stated in this terms, so we include a sketch of proof using results and 



terminology from |R3 

Proof. From Theorem 5.6 and Lemma 5.7 in |R3Sj . / satisfies a uniform linear head start 
condition (uniform head start and uniform bounded wiggling are equivalent by Proposition 
5.4). From Proposition 4.5 (b), if the set 

jf ■= {z G Jj,Re7"(z) > KVn G N} 

is non empty, then Jj has a unique unbounded component which is a closed arc to infinity. 
From Corollary 4.4, the mentioned arc consists of escaping points. Also, if contains at 
least an escaping point, J~ / 0. □ 

Remark 2.5. If the address s contains only finitely many different symbols (for example, if it 
is periodic) standard arguments can be used to show that J-g H /(/) ^ 0. 

Now we show that each fundamental domain F asymptotically contains exactly one fixed 
ray. To do this we introduce addresses in the /-plane and a correspondence between addresses 
for / and addresses for /. The content of this subsection is a natural consequence of the setup 
in |R3Sj . although it is not contained there. 

Proposition 2.6 (Fixed rays in fundamental domains). For each fundamental domain 
F , there is a unique invariant dynamic ray gp such that gpit) C F for all sufficiently large 
t. 



To prove Propositio n |2.6[ we need to understand the correspondence between addresses 
for / and addresses for /. 

Given a point z in the /-plane, whose iterates always belong to T, and such that f"'{z) S 
Fan in 1 W6 define its address s as 



s 



ioJ\k 



The left-sided shift map a is well defined, and a point with address s is mapped to a point 
with address as. 

Lemma 2.7. A point z G J{f) ho-s address J = ^) ••• if ^.f^d only if z = exp(z) has 

addre...= (^°) (-).... 

Proof. Uz£ Tan,in and f{z) £ Ta„^-^,i„^^ C Si^_^_^, then z £ Fa„,i„,i„_^^ by the choice of lift 
/. Hence z = exp(z) S -Fo„,j„_,.i by the choice of labeling for the fundamental domains. For 
the converse, observe that exp"^(FQ,„,j„_^ J = {Fa„,m,j„+i}mez and Fa„^m,i„+i C Tan,m- □ 



Proposition 2.6 is a corollary of Theorem 2.4 and the following proposition: 
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Proposition 2.8 (Lifting addresses). If s = is an address for f, there is a 

dynamic ray gg which contains the image under the exponential map of any of the ray tails 
9sm> where Sm = (^') {X)-, and m e Z. 

Proof. The image of any of the dynamic ray tails Jg^ under the exponential map is a dynamic 



ray tail for / by definition, and it consists of points of address s by Lemma 2.7, □ 



We are only left to show that any ray is asymptotically contained in some fundamental 
domain. 

Lemma 2.9. Any dynamic ray is asymptotically contained in some fundamental domain. 

Proof. Suppose that a ray g is not asymptotically contained in any fundamental domain. 
Then for some sequence tn — >■ oo, g{tn) belongs to preimages of 5. Hence f{g) intersects S 
infinitely many times and f'^{g) intersects D infinitely many times as t — )• oo, contradicting 
the definition of dynamic ray. □ 



This concludes the proof of part (6) in Proposition 2.2 



2.4 Expansion near infinity 

We now prove that, when restricted to a finite number of fundamental domains and far 
enough to the right, / is uniformly expanding. 

Proposition 2.10 (Almost straight). Let be a finite collection of fundamental domains. 
Then for any R sufficiently large, the preimage of the circle Cr of radius R restricted to J- 
is contained in the hounded connected component ofC\ Cr. 



The remaining of this section is devoted to prove Proposition 2.10 We use the following 
result from Proposition 5.4 in |R3Sj : 

Proposition 2.11 (Growth of real part). Let f he the lift of a function f in the class 
B, and K > 1. Then there exist M > such that the following holds: if T is a tract for f , 
and u,v, f{u), f{v) € T with Re /(u), Re /(f) sufficiently large, and Rev > Ren + M, then 
Ref{v) > KRef{u)+M. 



Again, the way in which these results are stated in |R3Sj is somewhat diff'erent, so we 
include a sketch of the proof using their results and definitions. 

Proof. By Corollary 5.8 in |R3Sj . lifts of functions in the class B satisfy statements (a) and (6) 
of Proposition 5.4 in [RSSj . Proposition 5.4 states that statements (a) and (6) are equivalent 
to statement (c) which is very similar to the statement of Proposition |2.11| here. There is 
an extra condition in statement (c) of Proposition 5.4 which is satisfied because by assuming 
u,v, f{u), f{v) G T, this condition becomes the definition of bounded slope (see Definition 
5.1, always in |R3Sj ). Also, in [R3S| . / is assumed to be normalized (see page 8 in |R3Sj ). 
This condition is replaced in our case by taking the real part of f{u), f{v) to be sufficiently 
large. □ 
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Before starting the proof of Proposition 2.10, let us recall that the density pmix) of the 
hyperbolic metric in the right half plane HI is pm{x) = ^r^- Also, it is a standard estimate 
that the hyperbolic density on any simply connected hyperbolic domain $7 is comparable with 
the inverse of the distance to the boundary. More precisely, 



1 



2dist(a;,9^7) 



< Pnix) < 



dist(x, do.) 



As any tract T in logarithmic coordinates never has vertical width larger than 27r, the maximal 
distance of a point from the boundary is vr, hence on the tract we have the inequality 



1 



< 



2vr - 

Therefore for any curve 7 in T, ^eucl(7) < 27r£^(7). 



(2.1) 



Proof of Proposition 2.10. Observe that it is enough to prove the claim for one fundamental 
domain F, and then for any finit e fam ily take R sufficiently large as to work for all of them. 

and let / be the lift of / defined on the tracts F with 



2.2 



Recall the notation from Section 
the conventions adopted there. 

Let F = Fa^i be a fundamental domain for /, and let gp be the fixed ray given by 
Because gp '^s a. forward invariant curve asymptot icall y contained in F, 

By Proposition 2.8, the lifts oi gp to 



Proposition 2.6 



its address is a fixed address s of the form s 
the logarithmic coordinates is the family of rays with addresses Sm = (^) (") • Let F be the 
fundamental domain for / which contains the ray tail gp of address g = (° ) . With this choice, 
fidp) C gp- Let us only consider points in F for which Proposition 



2.11 



holds. Observe that 



this is no real restriction, because it is F intersected with the preimage of a right half plane- 
which does not change anything on the geometry of F near infinity. Let T be the tract in 
which F is contained, and Si be the strip which contains T. 

As f : T ^ H is a, biolomorphism, there is a well defined inverse f~^, which is an 

isometry between the hyperbolic metric on H and the hyperbolic metric in T. Its restriction 
f : Si ^ F is hence also an isometry between the hyperbolic metric on H and the hyperbolic 

metric in T. 

For any R, call Lji the vertical segment of length 27r and at real part R which joins 
two points on the curves 5j,(5j+i bounding the strip Si to which T belongs to. Call S^ the 
connected component of Si \ Lji which is bounded (or, equivalently, which contains points 
with real part less than R). The image under the exponential map of L/j is a circle of 
radius e^, which bounds the disk which contains the image of S~ under the exponential (see 
Figure |4]). 

So, using the fact that / is semi-conjugate to / on the tracts, it is enough to show that 
for sufficiently large R, fp^{Lji) C S~ . 

Let u £ gp such that Re/(M) > Reu; many such points exist because for every v £ gp, 

there is M such that for any v £ gp with sufficiently 



2.11 



Re/"(u) — >• 00. By Proposition 
large real part and with Kev > Reu + M, then Re/(u) > Rev + M. For each such v, 
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Figure 4: Sketch of the proof of Proposition 



2.10 



consider the vertical segment Lj^^-^ of length Itt connecting the boundary of Sj and passing 
through f{v). Note that as v moves continuously along gp, with increasing real part, f{v) 
moves continuously as well satisfying Re/(u) > Rev + M (see Figure [4|. 

We will now show that as Ref — )• oo, and in particular for Kev > R' with some R' > 0, 
the diameter of f~^{Lj^^-^) — )• 0, while \v — f{v)\ > m, so that Lj^^^ and f~^{Lj^^-^) do not 

intersect; this will prove the claim for R = . 
Because Pjj{x) ~ we have that 



diam?>(Lr/ n; 



TT 



SO by holomorphicity of / : T — )• 

diam^7ri(Lj(^^) 



Re/(t;) 



vr 



Re/(t;) 



hence by Equation 2.1 



diamouci/^H-^^j(^)) < 27r diam^ /-^(Lj^^^ as Re/(?;) oo. 

As 

\v - f{v)\ > Ref{v) - Rev > M, 

for Re/(t') sufficiently large -^jj-^) ^^P^^'^Kv)) ~ ^' u G f~^{Lj^^^) and v G S~ , the claim 
follows. □ 



This concludes the proof of the Structural Lemma 2.2 

Remark 2.12. If Lji intersects dSi in more than two points for R = Re/(f), all estimates 
still hold, because they are performed in the hyperbolic metric for H and T respectively. The 
only thing to do is to define the inverse branch of / so that f~^{f{v)) = v and extend it by 
continuity to Lr. 
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3 Location of interior fixed points 



Let us now fix a function f £ B, and restrict our discussion to fixed points and fixed rays. 
From now on, we assume that all fixed rays land. 

We first prove a lemma about landing of fixed rays for fundamental domains which do not 
intersect D, and then collect some remarks about the structure of the plane in logarithmic 
coordinates and the distribution of the interior fixed points with respect to the partition of 
the plane induced by the fixed rays. 

As tracts accumulate only at infinity, only finitely many fundamental domains can inter- 
sect D. On fundamental domains not intersecting the disk, the dynamics, and especially the 
fixed rays, are easy to study. 

Proposition 3.1 (Forced landing). // a fundamental domain F does not intersect D, it 
contains a unique fixed point w which is repelling, and the fixed ray gp given by part (6) in 
the Structural Lemma \2.S\ lands at w. 



Proof. Consider a circle Cr of radius R such that part (c) of the Structural Lemma 2.2 



holds, and let Dr be the bounded connected component of C \ Cr (see Figure [5]). As 
/ : — >• C \ (D U (5) is univalent, there is a branch ip of /^^ mapping Dr \ (D U 5) to a proper 
subset oi F r\ Dr \{D[J 5) by the Structural Lemma part (c). By the Schwarz Lemma, V is 
strictly contracting and has a unique fixed point w C F. Hence, under iterates of ip every 
point tends to a unique fixed point w which is repelling for /; in particular, any invariant 
curve converges to w. □ 




Figure 5: If F does not intersect D, the fixed ray gp lands at the unique fixed point in F which must 
be repelling. However fixed rays from other fundamental domains which do intersect D, can also land 
at the same fixed point. There are only a finite number of those freelanders though. Light shaded we 
see the image of the dark shaded domain. 

Remark 3.2. Observe that the ray gp does not necessarily land alone; other fixed rays coming 
from fundamental domains which do cross the disk might land together with gp (see Figure 
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Recall that a fixed point is an interior fixed point if there are no fixed rays landing at it. 

Observe that interior fixed points cannot be in C\ (DUT), because / maps C\{DL)T) to 
D. Also, they cannot be in a fundamental domain not intersecting the disk by Proposition [3]T| 
So interior fixed points are contained either in D or in the finitely many fundamental domains 
which intersect D (see Figure [6| . 




Figure 6: Interior fixed points can only lie in the finite number of fundamental domains which 
intersect D, or in D\T. 

Recall that F is the graph formed by fixed rays together with their endpoints, and that 
the connected regions of C \ F are called basic regions for /. 



The following is a corollary of Proposition 3.1 



Corollary 3.3. There are finitely many basic regions. 

Proof. As tracts do not accumulate in any compact set, there are only finitely many tracts 
intersecting D. As preimages of 5 do not accumulate in a compact set either, there are finitely 



many fundamental domains intersecting D, hence by Proposition 3.1 all but finitely many 
rays must land in the interior of their respective fundamental domains. Therefore, only the 
finitely many remaining ones are free to land together with other rays. □ 

The next two lemmas are interesting but will not be used later on. 
Lemma 3.4 (Crossing tracts). A basic region cannot be fully contained inside a tract. 



Proof. This proof uses notation from Subsection 2.2 If a basic region is fully contained inside 
some tract T^, there exists at least two fixed rays and landing at a common fixed point 
z which are completely contained in Tq,. Let {z^} be the fiber of z under the exponential 
map, with the convention that G S^. Because z is fixed, there is a unique z* € {z'^} which 
is fixed. Let g^ and g"^ be the lifts of g^,g'^ landing at z*. It follows that these curves must 
be fixed ray tails for /: indeed, the unique lifts of g^,g^ which are fixed are both forced to 
land at the unique fixed point. This gives two invariant ray tails for / which are contained 
in the same tract, giving a contradiction. □ 
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Lemma 3.5. Fixed ray pairs separate the set of singular values. 

Proof. If a ray pair does not separate the set of singular values, the logarithmic coordinates 
can be redefined so that D does not to intersect the ray pair. Then, the original ray pair 
is contained in C \ D, hence its preimages are fully contained inside tracts, contradicting 
Lemma 13. 4[ □ 



4 Index and Argument principle 

To count the number of fixed points of / inside a basic region we will make use of the argument 
principle. For a more general theory about index see for example |Why| . 

For all of this section, let 7 : [a, b] — t- C, with a,b £ M., a < b, he a piecewise curve, not 
necessarily closed unless specified. The symbol 7 will denote both the function 7(t) or the 
set 7 [a, b]. 

For a curve 7 as above and a point P G C \ 7 we define the index of 7 with respect to P 

as 

Indh.P):=R.J-/^d.. 

7 

By definition, if 7 is the union of consecutive arcs 7^, 

Ind(7,P) = ^Ind(7i,P). 

i 

Observe that if 7 is closed, this is the usual definition of the winding number and therefore 
Ind(7, P) G Z. In that case, the index can be used to count the number of zeros of a map 
inside a Jordan curve. 

Theorem 4.1 (Argument principle). Let 7 6e a piecewise Jordan curve bounding a 
region 0,. Let f be holomorphic in a neighborhood of 0, such that f{z) 7^ for all points 
z G 7. Let Z{f) be the set of zeros of f. Then 

Ind(/(7),0) = #(Z(/)nl7) 

counted with multiplicity. 

For a parametrized curve 7(t), we denote by 7(7) — 7 the curve defined by /(7(t)) — 7(i)- 
The following is a corollary of the Argument Principle, and will be our main tool. 

Corollary 4.2 (Counting fixed points). Let ^ be a piecewise .Jordan curve bounding 
a region Q. Let f be holomorphic in a neighborhood of Vt such that f{z) 7^ z for all points 
z G 7. Let Fixed(/) be the set of fixed points of f . Then 

Ind(/(7)-7,0) = #(Fixed(f)nJ^) 

counted with multiplicity. 
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We will use the fact that calculating the index of a curve with respect to a point is 
invariant under homotopy in the following sense (see |Why| , Theorem 3.1 in Chapter V). 

Lemma 4.3 (Invariance under small perturbations), i/7,7 are piecewise curves 
such that for any t, \^{t) — 7(t)| < \^{t) — P\ for some -P G C, then 

Ind(7,P) =Ind(7,P). 



In the proof of the main theorem, we will use Lemma 4.3 in the form of the three lemmas 
that we state and prove below (see Figure [T]). 

Lemma 4.4 (First Homotopy Lemma). 7/7,7 : [0,1] — )• C are two piecewise arcs 
such that 7(0) = 7(0) = Pq, 7(1) = 7(1) = Pi, and such that 7 is homotopic to 7 relatively 
to a point P and keeping Pq, Pi fixed, then 

Ind(7,P) =Ind(7,P). 

Proof. Observe that there is a definite distance e between P and the compact set formed 
by 7,7 and all the curves in the homotopy between them. Recall also that every homotopy 
can be approximated by piecewise homotopies. In particular, we can assume that the 
homotopy between 7 and 7 always moves in steps smaller than e among curves on which the 



index is well defined, hence locally constant by Lemma 4.3 □ 



Lemma 4.5 (Second Homotopy Lemma). Let j be a piecewise arc, f be a continuous 
function, and f{'~f) be a closed curve starting and ending at the same point P. Suppose 
7 ^ f{l) = ^- U 7(7) homotopic to P relatively to ^ by a homotopy which keeps P fixed, 
then 

Ind(/(7) - 7, 0) = Ind(P - 7, 0) = + Ind(7, P). 

Proof. If /(7) is homotopic to P relatively to 7 by a homotopy which keeps P fixed, then 
fil) — 7 is homotopic relatively to to the curve P — 7, hence the first equality holds 



by Lemma 4.4 (observe that the homotopy keeps fixed the endpoints of the curve 7(7) — 7 
because it keeps fixed both the endpoint of 7(7) and the endpoints of 7). The second equality 
follows from the definition of index. Indeed, 

□ 



Lemma 4.6 (Third Homotopy Lemma). Let 7 is a simple piecewise arc, and /(7) is 
a Jordan curve starting and ending at a point P such that 

• 7n/(7) = 

• J is contained in the bounded connected component ofC\ f{j). 
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Then 



Figure 7: From left to right, setup for the first, second and tliird liomotopy lemas. 



Ind(/(7)-7,0) =Ind(7,P) + iV, 



where N is the degree of f\-y : 7 — t- /{j). 



Proof. By Lemma 4.4, we can assume fij) to a be a circle and 7 to be a straight segment. 
The claim then follows by direct counting, for example using vectors joining x G 7 to f{x) G 
/(7)- □ 



5 Global counting: proof of Theorem B 

Recall that, given a fundamental domain F and its fixed dynamic ray gp ^ given by the 
Structural Lemma [2 ■2[ we say that gp lands alone if it lands inside F and no other fixed ray 



lands there. By Proposition 3.1 there are only finitely many fundamental domains whose 
fixed rays do not land alone, which are contained in finitely many tracts T^, say M tracts. 
For each such T^, let be the collection of fundamental domains F C T^, whose fixed ray 
does not land alone or which are in between two fundamental domains whose fixed rays do 
not land alone. 

Let Na := ij^J~a^ ^ = TiNa. We will refer as J- a to the union of the fundamental domains 

a 

contained in J^a- 

From now on we will restrict the index a to these tracts, assuming that they are labeled 
consecutively respecting the cyclic order, and take the index a modulo M. Theorem B is a 
consequence of the following theorem. 

Theorem 5.1 (Global counting). Let A be the number of fundamental domains in [j^J-a 
whose fixed dynamic rays land alone. Then there are exactly N — A + 1 fixed points which 
are either landing points of one of the remaining N — A fixed rays, or interior fixed points. 

Because N is finite, up to redefining 6 we can assume that 6 does not intersect any 
fixed ray coming from DJ-a- Indeed, for each of these finitely many rays, the part which 
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is not contained inside a tract is compact, hence we only have to avoid a finite number of 
non-intersecting Jordan arcs. 



Let Cr be a circle of radius R given by the Structural Lemma 2.2 for the family of 
fundamental domains Fa, and be the preimages of Cr restricted to Fa- As usual, give 
Cr and any other Jordan curve in this section a counterclockwise orientation; this induces 
an orientation on the arcs Tq, (see Figure [s] for an illustration of this setup). 

Let 5a be the arcs contained in the preimages of 5 which bound the two fundamental 
domains in Fa whose immediate neighbors do not belong to Fa, starting at the points Pa in 
which they intersect and ending at the boundary of Ta- Label them so as to respect the 
cyclic order in the sense that 5~ comes before 5+ and after 5a-i- 

Observe that f{Pa) = P, where P belongs to the intersection of 6 with Cr. Call 5p the 
arc in 5 connecting P to D. 

Finally, let 7q, be Jordan arcs in C \ {TU D) connecting with 6~, which do not 
intersect the set of fixed rays (this can be done, because only finitely many fixed rays intersect 



\ 7~ by Lemma 3.1 ). 



Observe that one and exactly one of the ja intersects 6, because [jTaU D divides the 
plane into finitely many connected components, only one of which contains 5. Choose that 
specific 7o, so as to intersect 6 only once, on the sub-arc of 6 connecting P to oo. Note that 
the image of each ja is fully contained in D. 

Call Ta the arcs 6^_i U 7q, U 5~ connecting Pa-i to P~. We will count the number of 
fixed points for / inside the region U enclosed by the Jordan curve 



r= y (TaUra). 



a<N 



Observe that, for R large enough, all fixed points which are landing points of the fixed 
rays associated to the fundamental domains in F have to be contained in U. Also, because 
there are no fixed points in C \ (-D U T) , the final count does not depend on the choice of 7q, . 
We will also see that the result does not depend on Cr (and hence on the Tq) as long as Cr 
satisfies the Structural Lemma |2.2| (see Figure [8| . 



Proof of Theorem 5J_. Here we calculate Ind(/(r) — F, 0), by calculating it piece by piece on 
the Tq, and on the Fq. Observe that by construction there are no fixed points on F. Let 
us first calculate Ind(/(rQ,) — ro,0). Observe that /(r^) is the circle Cr covered Na times. 



starting and ending at P. Then by the Third homotopy Lemma 4.6 



Ind(/( 0) =iVa+Ind(r„,P). 

Now let us calculate Ind(/(FQ,) — F^, 0). The image of each 7^ is a curve starting at P, 
moving along 5p, staying inside D and then moving back to P along 5p. Because D is a 
topological disk, it can be retracted to any point in its boundary, hence fiVa) is homotopic 
to P by a homotopy keeping P fixed, inside the set D [J 5p which does not intersect F„ 
(first retract /(7a) to the point 5p n D, then slide it to P inside 5p). Hence, by the Second 
homotopy Lemma |4.5[ , 
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Figure 8: Global counting. The curve F is the boundary of the shaded region U . Its image consists 
of the big circle Cn, together with 5p and the images of the curves 7^ which are inside the disc. In 
this example the Argument Principle gives 8 fixed points inside the shaded region. Since there are 
only 7 rays, at least one of the fixed points must be an interior fixed point. 



ind(/(r„)-r„,o) = ind(r„,p). 

Summing up, we obtain 

Ind(/(r) - r, 0) = ^ ( Ind(r„, P) + N^+ Ind(r„, P)^ = N + Ind(r, P) = N + I. 

a 

The last equality follows from the fact that F is a Jordan curve and P is contained in the 
connected component in the interior of F. Hence, there are exactly + 1 fixed points in U 
counted with multiplicity. □ 

Corollary 5.2. If there is only one basic region, there is exactly one interior fixed point. 

Proof. The fact that there is only one basic region means that each of the N fixed rays coming 
from the fundamental domains in the J-'q.'s lands alone at a fixed point, accounting for N 
fixed points. Hence there is exactly one interior fixed point left from the counting. □ 
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6 Local Counting. Proof of Theorem A 



Let us now consider a basic region V and show that it contains exactly one interior fixed 
point. In the general case, the boundary of V contains fixed rays and fixed points, so the 
counting is slightly more articulated. 

For the purpose of the proof in this section, the basic region V contains also all those 
rays landing alone. In other points, rays landing alone are NOT part of the boundary of V, 
which consists exclusively of ray pairs. Notice that we then need to prove that V contains as 
many fixed points as rays landing alone, plus one. 

To apply the argument principle it is important not to have fixed points on the boundary 
of the domain. Hence, we first explain how to change the boundary of V near fixed points, 
in the two cases in which the fixed point in question is either repelling or parabolic; then, 
we define a smaller region V on which to do the actual counting, and eventually perform the 
counting itself. Without loss of generality, up to redefining 6, we can assume that V does not 
intersect 5. 



Fixed points on the boundary 

Suppose zq E dV is a repelling or parabolic fixed point. We will slightly modify the boundary 
of V near zq making use of the local dynamics around zq . 

We start with the case of repelling fixed points. Consider zq to be a repelling fixed point 
on the boundary of V. There is a linearizing neighborhood L of zq on which the dynamics is 
conjugate to a linear expanding map; L is tiled by fundamental domains whose boundaries 
are Jordan curves. 

Let gi, §2 be the two fixed rays landing at zq belonging to the boundary of V , so that we 
encounter first gi and then g2 while moving along the boundary of V leaving V on the left. 

Let 7 be an arc on the boundary of a fundamental domain m. L\V which joins a point 
xi G (7i to a point X2 € 52; also let vi and V2 be the vectors joining xi to /(xi), and X2 to 
f{x2) respectively. Call A the increment counterclockwise (measured in turns, i.e. modulo 27r) 
going from vi to V2 (modulo 27r); observe that going in the clockwise direction the increment 
is -1 + (A) (see Figure [o]). 

Lemma 6.1. For a repelling fixed point, the index Ind(/(7) —7, 0) = A, where 7 is the curve 
described above. 



Proof. Because the fundamental domain containing 7 is mapped completely outside itself (to 
the next fundamental domain), the vector /(7(t)) — jit) just moves counterclockwise from vi 
to V2. This can be computed directly using a schematic diagram (and, implicitly, the First 
and Second homotopy Lemmas 4.4 and 4.5). □ 



Observe that we could as well have made the region smaller so as to leave out the re- 
pelling fixed point. This would change the contribution by one full turn, which is the turn 
corresponding to the fixed point which has been left out. 
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Figure 9: The enlargement of the basic region when there is a repeUing fixed point in the boundary. 



We now consider the case of parabolic fixed points. The local dynamics are described 
by the Leau-Fatou flower theorem ( |Mi| . Theorem 10.7), which we state below. Petals, as 
defined in the introduction, are tiled by croissant-shaped fundamental domains, mapping to 
one another under the dynamics, whose boundaries are two Jordan arcs starting and ending 
at zq. 

Theorem 6.2 (Leau-Fatou Flower Theorem). If zq is a parabolic point of multiplicity 
m+1, then there are exactly m repelling petals andm attracting petals attached zq, alternating. 
Their union forms an open neighborhood of zq. 

Now let us consider zq to be a parabolic fixed point on the boundary of V , with k 
attracting petals attached to zq and contained in V . Let g\, g2 be the two fixed rays landing 
at Zq belonging to the boundary of V like before, xi and X2 belonging to gi, 52 respectively 
and to a repelling petal for zq. Observe that gi, g2 might land at zq from the same repelling 
petal, in which case A: = and xi, X2 belong to the same repelling petal. Again, let vi and 



V2 be the vectors joining xi to f{xi), and X2 to f{x2) respectively. See Figure 10 



Lemma 6.3. We can join two points xi £ gi and X2 G 52 inside V by a curve 7, such that 
Ind(/(7) - 7, 0) = -1 + A - /c. 



Proof. Let 7 be a flower shaped curve constructed in the following way: start at xi, move 
along the boundary of a fundamental domain inside the repelling petal until reaching an 
attracting petal; then move along the boundary of a fundamental domain inside the attracting 
petal until reaching the next repelling petal, and so on until reaching the ray g2 at some point 
X2- As before, let A be the increment counterclockwise between the vector vi joining xi to 
/(xi) and V2 joining X2 to f{x2). To calculate the index Ind(/(7) — 7,0) along 7, observe 
that the vector given by 7(7) — 7 turns clockwise until it reaches the attracting petal, then 
makes one full turn clockwise when moving inside the attracting petal (because now 7(7) is 
inside 7), keeps moving clockwise along the repelling petal and so on, until it reaches the 
total increment of one full turn for each attracting petal inside, plus the total increment from 
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Figure 10: The reduction of the basic region when there is a parabolic point in the boundary. The 
sketch corresponds to one attracting petal in y {k = 1). 



vi to V2 clockwise. This gives an increment of k + A clockwise, which corresponds to an 
increment of — 1 + (A) — k counterclockwise. □ 

When doing the counting, in addition to modifying the region near the fixed points, we 
will also thicken the fixed rays, i.e. we will consider a slightly larger region by substituting the 
fixed rays with two piecewise curves near by whose image is outside the thickened region. 
This is a standard procedure and only relies on the fact that the dynamics is repelling near 
the fixed rays. 



Proof of Theorem A 

Let U,ra,ra and Ta be as in Section [sj and as before, consider the index a modulo M. 

Proof of Theorem A. Fix a basic region V. Let us first suppose that there are no parabolic 
points on the boundary of V. 

Let V be the region obtained by intersecting V with U, thickening the rays and modified 



near the repelling fixed points as described in Lemma 6.1 Recall also that R was chosen 
large enough so that all fixed rays associated to the fundamental domains in have their 
landing points in V. Let F^ be the boundary of V. Up to redefining 6, we may assume that 
6 does not intersect V. 

The only difference with respect to the global counting, is that we have to calculate the 
variation on the index when moving along one of the pieces of the thickened ray pairs forming 
Ty. Observe that there is one and exactly one thickened ray pair separating 5 from V. 

Let us keep the notation from Section [sj with one modification: let {Pi} be the collection 
of all preimages of P intersecting F^, labeled as to respect the cyclic order. Also, let Sj be 
the arc along F^ joining two consecutive points Pi and Pj+i (see Figure 11). 

The Si can be of four types: 



(0) Si contains the thickened ray pair separating 6 from V; 
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(1) Si contains any other thickened ray pair; 

(2) Si C Tq, for some Tq,; 

(3) Si = Ta for some a. 




Figure 11: An example of counting for the basic region shown in the picture. The shaded region is 
the subset which must contain the interior fixed points. Arcs of type (0) and (1) are colored in blue; 
arcs of type (2) are colored in green; arcs of type (3) are in red. Each arc has the same color as its 
image. In this example the index is 7 if we include the boundary fixed points. 

Let A^i be the number of arcs Sj of type (1), and N2 be the number of arcs Si of type (2). 

We only have to compute Ind(/(sj) — Sj, 0) when Si is of type (0) and (1), as the other two 
cases are already covered in the previous section. In case (1), f{si) is a Jordan curve starting 
at P, moving along C/j until it reaches the intersection with the thickened ray, moving along 
the ray pair until it reaches Cr again, and then moving back to P along Cr. Because the cyclic 
order is preserved, and using Lemma 4.6, we obtain that Ind(/(sj) — Sj,0) 

In case (0), the same counting gives Ind(/(sj) — Si,0) 
cases under consideration we obtain: 



l+Ind(si,P). 
2 + Ind(si, P). So in the three 



Ind(/(si 
Ind(/(si 
lnd{f{si 

Summing up, we have 

ind(/(r^) 



s^,0) 

S^,0) 



2 + Ind(si,P) 
l + Ind(si,P) 
lnd{si,P) 



in case (0); 
in case (1), (2); 
in case (3). 



r^,0) = Ni+N2 + 2 + J2^nd{s^,P) = Ni + N2 + 2, 
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where we have used that P is not contained in the bounded connected component of C \ Ty, 
so Ind(r^, P) = 0. We deduce from this that there is exactly one interior fixed point. Indeed, 

• for the Si of type (0), there is one fixed point in V which was on the initial fixed ray 
pair. 

• for each Si of type (1), there is exactly one fixed point which was originally on the 
boundary of V and has been included in V after the thickening procedure; 

• for each Sj of type (2) there is exactly one fixed point in the interior V which is the 
landing point of the unique fixed ray which is asymptotically contained in that funda- 
mental domain (notice that those rays must land alone or otherwise they would be part 
of a ray pair). 

This means, there are A'^i + N2 + 1 fixed points in V which are landing points of fixed rays; 
it follows that there is exactly one fixed point left, which has to be an interior fixed point 
because there are no more rays left to land on it. 

Now replace n repelling periodic point on the boundary with n parabolic points, wit h kj 
attracting petals contained in V. For each repelling periodic point replaced, by Lemmas 6.1 



and 6.3 the counting changes by adding —1 + A — ki and subtracting A. Putting everything 



together, we obtain that 

Ind(/(r^) - r^, 0) = iVi + 7V2 + 1 - n - Eki. 

Observe that there are at least A'^i + + 1 — n fixed points inside the new region V (the 
n parabolic points have now been left out of V), so it has to be Ind(/(r^) — T^,0) > 
Ni + N2 + l-n. 

It follows that S/cj < 1, so that there is at most one attracting petal intersecting V 
(however, there might be many parabolic points with no attracting petals in the initial region 
V) . It follows that there are no interior fixed points if there is an attracting petal intersecting 
V, and that there is exactly one interior fixed point otherwise. □ 



7 Proof of corollaries D and E 

As explained in the introduction. Theorem C is an immediate consequence of Theorem A, 
replacing / by f '^ and observing that class B is closed under composition. In this section we 
prove some of the many corollaries of Theorem C. We recall that the period is never assumed 
to be minimal. 

Corollary 7.1. If f is a function in B whose periodic rays land, then 

1. There are only finitely many interior periodic points of any given period. 

2. Any two periodic Fatou components can be separated by a periodic ray pair. 

3. There are no Cremer points on the boundary of periodic Fatou components. 
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4- If zq is a parabolic point, any two of its attracting petals are separated by a ray pair of 
the same period. In particular, for each repelling petal there is at least one ray which 
lands at zq. 

5. For any given period p, there are only finitely many (possibly none) periodic points of 
period p which are landing points of more than one periodic ray of period p. None of 
them is landing point of infinitely many rays of the same period. 



Proof of Theorem 7.1. 1. By Theorem C, for each p there are finitely many basic regions 
for and each of them contains at most an interior fixed point which is an interior 
periodic point of period p (non necessarily minimal) for /. 

2. Let C/i, U2 be two periodic Fatou components of least common period p. Then Ui and 
U2 contain each a point zi, Z2 respectively which is fixed under /p. If both zi and Z2 are 
in the interior of their Fatou component, they are interior periodic points, so they are 
separated by a pair of rays of period p by Theorem C. As dynamic rays cannot intersect 
Fatou components, and Fatou components are connected sets, it follows that the same 
ray pair separate Ui from U2. If instead at least one of them is on the boundary, say zi, 
then zi is a parabolic point and Ui contains an attracting petal for zi. In particular, by 
Theorem C, there are no other interior periodic points of period p or attracting petals 
in the basic region V containing C/i, so U2 has to be separated from C/i by two rays on 
the boundary of V (observe that U2 could also be another parabolic basin attached to 
the same parabolic point zi). 

3. Observe that Cremer points are interior periodic points, since by the Snail Lemma (see 
Lemma 16.2 in |Mij ) no periodic rays can land at Cremer points. Hence they can be 
separated from any other interior periodic point or periodic Fatou components as in 
the previous case. 

4. If not, there would be two attracting petals belonging to the same basic region, con- 
tradicting Theorem C. The fact that each repelling petal contains at least one dynamic 
ray landing at zq then follows from the alternation between attracting and repelling 



petals given by the Flower Theorem 6.2 



If not, there would be infinitely many basic regions of period p, contradicting Theorem 
C. 

□ 



From the fact that Fatou components can be separated by periodic ray pairs we obtain 
the following additional corollary. Given an invariant Siegel disk A, we say that {/ is a hidden 
component of A if [/ is a bounded connected component of C \ A. Call A := A U (|J Ui), 
where Ui are the hidden components for A. The proof of the next corollary follows the outline 
of Lemmas 2, 3 and 10 in [CRj; see also [RoJ. 

Corollary 7.2. If f G B has no wandering domains, any hidden component of a bounded 
invariant Siegel Disk is preperiodic to the Siegel Disk itself. 
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Proof. Observe that J{f) = I{f)'- in fact, /(/) and hence its closure are completely invariant, 
so /(/) D -/(/), which is the smallest completely invariant set; on the other side, /(/) C 
by |EL) . Also, by Theorem 1.2 in jR3Sj . each x S /(/) can be joined to infinity by a curve 
of escaping points. Suppose that there is a hidden component U which is not preperiodic to 
A. Points in A cannot be escaping because A is bounded and forward invariant. Since U is 
a bounded connected component of C \ A, no point inside of U can be joined to infinity by a 
curve of escaping points. It follows that U n J(/) = and that C/ is a Fatou component. As 
dU C J(/), it also follows that dU C SA, hence f{dU) C ^A. Also, df{U) C f{dU) because 
/ is holomorphic hence open, and f{U) n (9A = because f{U) C F{f) and 9A C J{f)- 
Also f{U) is bounded and connected because it is the image of a bounded connected set, and 
its boundary is contained in (9A, so f{U) is also a hidden component of A. Hence, if there 
are no wandering domains, U is preperiodic to some periodic Fatou component U which is a 



hidden component of A; by part 4. of Corollary |7.1[ unless C/ = A, they can be separated by 
two periodic rays landing together, hence dU n 9 A is a single point- which is not possible as 
dU C 9A. □ 
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